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Abstract 

We investigate the Drinfel'd doubles X>(A Bj! j) of a certain family of Hopf algebras. We de- 
termine their simple modules and their indecomposable projective modules, and we obtain a 
presentation by quiver and relations of these Drinfel'd doubles, from which we deduce proper- 
ties of their representations, including the Auslander-Reiten quivers of the X>(A„ j( j). We then 
determine decompositions of the tensor products of most of the representations described, and 
in particular give a complete description of the tensor product of two simple modules. This 
study also leads to explicit examples of Hopf bimodules over the original Hopf algebras. 

Mathematics Subject Classification (2000): 17B37, 06B15, 81R50, 16W30, 16W35, 16G20, 
16G70, 18D10. 

1 Introduction 

We study the representation theory of some Drinfel'd doubles. The Drinfel'd double of a finite- 
dimensional Hopf algebra was denned by Drinfel'd in order to provide solutions to the quantum 
Yang-Baxter equation arising from statistical mechanics. 

Representations of a Hopf algebra (up to isomorphism) form a ring in which the product is 
given by the tensor product over the base field, and in the case of the Drinfel'd double (and any 
quasitriangular Hopf algebra) this ring is commutative. 

However, not very much is known about the representations of the Drinfel'd double of a non- 
semisimple Hopf algebra in general. S. Witherspoon studied the Drinfel'd double of the algebra of 
a finite group in positive characteristic |W|. She proved in particular that the Green ring of the 
Drinfel'd double of a group algebra decomposes as a product of ideals associated to some subgroups 
of the original group. H-X. Chen gives a complete list of simple modules over the Drinfel'd doubles 
of the Taft algebras in jChj . D.E. Radford in |Rd2j studies the simple modules over the Drinfel'd 
double of a finite-dimensional Hopf algebra, and characterises them in some cases (which include 
the Taft algebras and quiver Hopf algebras) ; he then uses them to construct twist oriented quantum 
algebras, which give rise to invariants of oriented knots and links. Moreover, he establishes that all 
modules over the Drinfel'd double can be viewed as submodules of some particular Yetter-Drinfel'd 
modules (constructed from modules over the original Hopf algebra) . 

An important property of the algebra underlying the Drinfel'd double of a finite-dimensional 
Hopf algebra H can be deduced from work of D.E. Radford and R. Farnsteiner ( [Rdl Corollary 2 
and Theorem 4] and [0 Proposition 2.3]): the Drinfel'd double T>(H) is a symmetric algebra. 

In this paper, we study in detail the representation theory of the Drinfel'd doubles of the algebras 
A ny d, that is, of the duals of the extended Taft algebras (defined in the first section). The algebras 
A-n,d are interesting, since they are finite-dimensional Hopf algebras which are neither commutative 
nor cocommutative, and which are not quasitriangular, with antipodes of arbitrarily high order 
(2n). However, they are monomial (that is, all the relations are given by paths) and have finite 
representation type, and as such are therefore very suitable to study. 

In the first section, we study the representations of these Drinfel'd doubles, first describing the 
projective modules and the simple modules fsee 12.151 12.161 12.201 and I2.24JI . We give a complete 
presentation by quiver and relations, and this shows that the algebras are of tame representation 



'Partially supported by an NSA grant 

t Partially supported by an LMS Scheme 4 grant and a Lavoisier grant from the French Ministry of Foreign Affairs 



1 



type (see Section [3J see also [BJ 4.4] for definitions of representation types). These quivers are 
similar to some quivers which occur in the representation theory of blocks of reduced enveloping 
algebras in characteristic p (see [EE]). However, the situation in our case is quite different: as we 
see later on in the paper, there exist representations which are periodic of period greater than 2 in 
general (which is not the case for reduced enveloping algebras). Moreover, the conditions on the 
characteristic of the field in our context and in the case of reduced enveloping algebras are distinct; 
in the case of reduced enveloping algebras, the cycles which occur in the quiver have a length which 
is a power of the characteristic, whereas in our case the characteristic does not divide the length of 
the cycles but is otherwise arbitrary. 

In the following section we describe all the indecomposable representations of Z>(A nj( j), and the 
Auslander-Reiten quiver of these algebras. We also determine which of these representations are 
splitting trace modules and more precisely give the quantum dimensions of the modules (see Section 
13.31 where these concepts are also defined). We then study tensor products of representations. We 
first give a complete and explicit decomposition of the tensor product of two simple modules, and 
in particular prove that this is always semisimple modulo some projective direct summands (see 
14. We then describe the tensor products of many other modules up to projectives. This gives a 
large part of the structure of the Green ring of 2?(A„ j( j) modulo projectives. Finally, we give some 
examples of Hopf bimodules over the original Hopf algebras A n>( i, obtained via the equivalence 
of categories between Hopf bimodules over A n ^ and modules over V(k ny d)- We conclude with an 
appendix in which we outline the proof of the classification of the representations of T>(K n ^)- 

This work opens many questions on the representation theory of Drinfel'd doubles, in particular 
the possibility of finding some general properties of tensor products of simple modules over the 
Drinfel'd doubles of some Hopf algebras, using D.E. Radford's res ults |Rd2| . 

For general facts about representations of algebras, we refer to ARJ^j, [BJ and [Ej. We will refer 
to those more precisely in some parts of the paper. 

Acknowledgements: The second and third authors thank the University of Oxford and the 
last author thanks the Virginia Polytechnic Institute and State University for their kind hospitality. 

2 Projectives and quiver for V(A n ^) 
2.1 Preliminaries 

Throughout the paper, k is an algebraically closed field. 

The algebra A„ i£ ; is described by quiver and relations; we refer to ARS, III. 1] and [BJ 4.1] for 
definitions and properties relating to quivers and relations. The quiver is cyclic, 




with n vertices eo, . . . , e n _i and n arrows eto, . . . , a n —±, where the arrow <Zj goes from the vertex 
&i to the vertex e,+i, and we factor by the ideal generated by all paths of length d 2. We shall 
denote by 7™ the path cti+ m _i . . . a^+ia^ (read from right to left), that is, the path of length m 
starting at the vertex ej. 

When d divides n, this algebra is a Hopf algebra, and in fact the condition d | n is a necessary 
and sufficient condition for A n ^ to be a Hopf algebra when charfc = (see jCil ICHZj V This Hopf 
algebra can actually be considered over more general fields, and in this paper, we assume only that 
the characteristic of k does not divide n (to ensure existence of roots of unity). 
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We fix a primitive d root of unity q in k. The formulae 

e(ej) = S i0 A(e,) = ^2 j+e=i ej (g> e e S{e t ) = e_i 

e(a i; )=0 A(ai) = J2j+£=i( e 3 ® <^ + 9* a j ® e «) ^K) = 

determine the Hopf algebra structure of A„ j( j. 

We want to study the DrinfePd double of K n ^d- Recall: 

Definition 2.1 (see |KBIM|) Let H be a Hopf algebra. The Drinfel'd double of H is the Hopf 
algebra which is equal to H* cop ® H as a coalgebra (ordinary tensor product of coalgebras), and 
whose product is defined by 

(a ®h){(3®g) = a^S^h^lh^) ® h^g, 

where f3(S" 1 h^7h t - 1S) ) is the map which sends x £ H to (3{S^ 1 h^xh^) 6 k and where we have 
used the Sweedler notation A(h) — h* 1 ' ® h^ for the comultiplication. 

Therefore, we need to understand the dual A*™ p ; it is isomorphic as an algebra to the extended 
Taft algebra 

(G, X | G n = 1, X d = 0, GX = q^XG). 

(C. Cibils explains this for n = d when K n ^d is a selfdual Hopf algebra in |Uj], and the general case 
is similar; if {7™ | !6Z n ,0^m^d- 1} denotes the dual basis of A*™ p , the correspondence is 
determined by 1— > G % and en 1— » G % X). Its Hopf algebra structure is defined by 

e(G) = l A(G) = G®G 5(G) = G" 1 

e(JC) = A(X) =X(g>G+l®X 5(X) = -AG -1 = -q~ 1 G~ 1 X. 

Notation 2.2 We shall need the following notation to describe some elements in T>(A n>( i) : for non- 
negative integers m and u, we define the q-integers (0) 9 = and (m) q = l + q + q 2 + ... + g m_1 , 
the q-factorials 0! 9 = 1 and m\ q = (m) q (m — l) q . . . (2) q (l) q , and the q-binomial coefficients 

7Tb \ 7Tt\ 

) = ^ — — (see for instance ED IRd3| , where some properties are also given) . 

uj q {m-u)\ q u\ q 

Remark 2.3 Using the notation above, we have A (7™) = ^ («) ^^i—j ® lT~ V an< ^ 
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We can now describe the Drinfel'd double V(A nt d) : 

Proposition 2.4 TTie Drinfel'd double Z?(A n> d) is described as follows: as a coalgebra, it is A*™ p <g) 
A n ,d- W^e wiie i/ie basis elements G l A^7™, wif/i i, I G Z„ and j, m ^ d— 1 (i.e. we do not write 
the tensor product symbol). The following relations determine the algebra structure completely: 



G n = l,X d = 0, and GX = q^XG, 

£/«e product of elements 7™ «s i/ie usual product of paths, 

7 ™G = <T m G 7 r, and 

It X = q X^ e+1 -q (m-Jg7^+i +9 (mj g G7^ +1 . 

Proof: The proof is straightforward, using the definition of the Drinfel'd double (Definition 12.1(1 
and the structure of A* c °, p . ■ 



Notation 2.5 Since some indices are described modulo d and others modulo n, we need to make a 
distinction. If j is an element in Z„, we shall denote its representative modulo d in {1, . . . , d} by 
(j) and its representative modulo d in {0, . . . , d — 1} by (J}~ ■ 
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2.2 Quiver of V(A n>d ) 



The aim of this section is to describe the quiver of T>(A n> d). To do this, we first decompose X>(A„ )( j) 
into a (non-minimal) product of algebras To, . . . , T„_i, and study each of these algebras. We give 
a basis for T u for u = 0, . . . , n — 1, and describe some indecomposable r„-modules as a first step in 
the construction of the indecomposable projective modules. This follows R. Suter's method in [5] 
where he studies the representations of a finite-dimensional quotient of U q (sl2(C)) (see also 0Ej). 



2.2.1 First decomposition of P(A n ( ;) 

Proposition 2.6 The elements E u := ^J2ijez 1 ~ l<yU+ ^G' l ej, for u £ Z„, are central orthogonal 
idempotents, and Yluez E u = 1. 

Therefore V(A n ^ d ) = l\ ueZn T u where T u = V(A nA )E u . 

We shall now study T u . 



2.2.2 Construction of modules over T>(A n ,d) 

We now define some idempotents inside T u , which are not central, but we will use them to describe 
a basis for T u . 

Proposition 2.7 Set E uJ = J2v=o e j+vd E u , for j € Z d . Then E uJ E u ^ = 6jiE ud and X^=o E u,j = 
E u . We also have E u j — E u j> iff j = j' (mod d). 
Moreover, the following relations hold within T u : 

GE U j = q u+3 E u j = E u jG XE u j — E U j-iX 

mw /Kj+mT™ ift = j (modd) 
I (J otherwise. 

We can now describe a basis for T u and a grading on r„, as follows: T u = © s= l t j+i(^''")s w ^th 
(r„) s = span{X*7f E u>j \ j 6 Z„, ^ m,t < d - l,m - t = s}. 

Multiplication on the left and on the right by elements in T>(A n _d) respect this grading, with 
multiplication by X on either side reducing the degree by 1, multiplication by an arrow on either 
side increasing the degree by 1 and multiplication by G on either side leaving the degree unchanged. 
Moreover (T u ) s is a sum of eigenspaces for G : if yE u j is an element in (r u ) s , we have G ■ yE u ,j — 
q s+j+u yEu j and yEu ] . G = q i+UyE Vtj . 

Now set F u j := ^ 1 E uJ for j 6 Z n . Then: 
Proposition 2.8 The module T u F u j has the following form: 



F u 

a 3 + d-2\\x 





H u ,j 
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where H Uij := X^ +u -^- 1 F u ^, F uJ := X< 2j+U - 1% > F uJ andH Utj := X d - 1 F UJ (recall the notations 

In this diagram, the arrows represent the actions of X and of the arrows in the original quiver 
up to a nonzero scalar; the basis vectors are eigenvectors for the action of G. 

Note that when 2j + u — 1 = (mod d), the single arrow does not occur, the module is simple, 
and we have H u j = H u ,j = X d ~ 1 F u j, and F u j = F u j. 

In order to prove this proposition, we require the following lemma: 

Lemma 2.9 The element j d+ j_ m _ 1 X m F Ut j is equal to 

if b < m and is otherwise. 

Proof: This is proved by induction on b. When b = 1, we take the arrow on the left across the X's, 
using the relations in Proposition ^. 41 

vm d—lj~> [ — 1 v —1/1 2(7— m+tZ)+u+2\ \ \rm— 1 d— 1 771 

aj-m-i+dA 7^ E Utj = [q Xa.j- m+d - q (1 - q u )ej_ m+( j J A 7^ £? UJ - 

— g I q A Oj-m+d+i -5 ll-f u jA I A 7 3 - 

-g -1 (l - g 2 0-™+' i -i)+«+ 2 )A' m - 1 7 j d - 1 £:„ J 

— 9 A aj_ m+ d + iA £/ U;J ' 
= q- m X m a j+d . ll f- 1 E ud 

m 

+ + ^'- 2m+u+I, - 2 )A- m - 1 7^ 1 E Bi j, 

P =i 

with the first term in the last identity equal to 0. I 

Proof of Provosition \2.Sl Here we apply Lemma l2~(31 with b = 1 to see that the element Od+j-m-i X m F U: 
is equal to if m = 2j + u — 1 (mod d) and is a nonzero multiple of X m ~ F u j otherwise. I 

Remark 2.10 The simple projective modules that we have described in Proposition 12 . 81 when 2j + 
u — 1 = (mod d), are distributed as follows in the whole algebra T>(A n ^) ■ 
When d is odd, there are 4 such simples in each algebra T u . 

When d is even, there are =j- such simples in r„ if u is odd, and none in T u for u even. 

Definition 2.11 We define permutations of the indices in Z„ &?/ o~ u (j) = d+j — (2j + u — 1). iVoie 
</ia< £/ie arrow going up from H u ^ in the diagram in Proposition \2. #1 is a au (j)- 

Remark 2.12 We can easily see that cr u (j) = j if and only if 2j + u — 1 = (mod d), and that if 
2j + u — 1 =^= (mod d), then <t£(j) — j + d and so cx„ has order 

We shall now define larger modules (and we will see later that they are a full set of representatives 
of the indecomposable projective modules). 
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2.2.3 Indecomposable projective modules and decomposition of £>(A„^) 

Lemma 2.13 If 2j + u — 1 ^ (mod d), then there exists an element K u j homogeneous of degree 
d — (2j + u — 1)~ — 1 such that H u j = a au Q)^\K u ^. 

Proof: Consider H uJ = X^+^'^f^E^ We first take one arrow across the X's; there exist 
scalars ol\, . . . , a 2 j+u-2 in k such that: 

H ■ - X {2:i+u - 1) - 1 'y d ^ 1 E ■ 



= q 2 X& +u -V- 3 a j+d X^- 2 E u j + (a, + a 2 )X^+^- 2 1 f- 2 E UJ 



u " Vtf)-i* W ^- 1>_ Si~Xi +(a 1 + ... + a 23+u _ 2 )X^+^-^- 2 E u ,. 

We now repeat the process on the second term of the last identity, and continue until there is an 
arrow in front of all the terms; so there exist scalars /?-, f3" and [3i such that the following identities 
hold: 



H uJ = q^-'a^^X^+^-^-'E^ +p> 1 X^-V-^- 2 E UJ 

2]+u-2 / 



q a a „ 0) _ 1 X^+«- 1 )- 1 7 f 2 ^ 



= q^-'a^^X^^-^E^ + fra^^X^-V-^E^ 

+ ^ Jf <2 J -+«-l>-3 7 d-3 f ; iij 

(2j+u-l) 

= ^ + "- 2 a CTll0) - 1 X^+«- 1 >- 1 7 f 2 ^+a CTii0 - ) _ 1 Yl Pr-iX^-V-^-'E^ 
with K u j nonzero and homogeneous of degree d — (2j + u — 1) — 1 = d — (2j + u — 1)~ — 1. 



Definition 2.14 If 2j + u — 1 = (mod d), set K u j = F u j(= F u j). Note that it is homogeneous 
of degree d — 1. 

Now consider T u K u j. The following result is immediate: 

Definition-Proposition 2.15 Assume that 2 j + u — 1 = (mod d). Define L(u,j) := T u K u j; 
this module has the following structure: 



degree G-eigenvalue 



length 



F u>j =K u>j =F u 
a-j + d-2 \ I X 



a.j + d-3 



X 



a j \ ix 



d-1 



j+u-1 



d-1 



H u,j=H uJ q J 

In the case 2 j + u — 1 ^ (mod d), we obtain the following structure: 



6 



Proposition 2.16 Assume that 2 j + u — 1 ^ (mod d). The module F u K u j has the following 
structure: 



degree G-eigenvalue 



length 



O-j + d-2 




J +11-1 



C2j-u 1> q-i +1 



a i\\x ^^^»j\\x 



X a 3-i 



Oj- 2 f I X 



„u+j-l 



D 



X 



I 

(2j+u-l)-l 
I 
I 
I 
I 



I 

-<2j+u-l>--l 
I 
I 
I 
I 



(2j+u-l)-l 
I 



(2.V-K 1) 

To prove this, we require the following two lemmas: 

Lemma 2.17 We have -fc^.^X'K^ = EL-t+i A.Qij 1 ^ + c^-%j 
where c s , s = 1, c 6;S = i/ 6 < 0, and c 6;S = ( s ( s -i ■ ■ ■ Cb+i with ( s = (s) q q^ s (g-( 2 J+«- 1 )- s - 1) i/ 
< 6 < s - 1. 

Proof: The proof is by induction on t, and we write out the case t = 1 here: 

(V.o).,-!^ = g-^a^y).,*- 1 ^ - ^(l - g 2 '- 2 ^- 1 )- 2 "-^)*"- 1 *^ 
= g- 1 lfl ff „ (j) _ s l s - 1 if I1J - (q- 1 - g- 2 ^-"+ 1 - 2s )X s - 1 ^„, j 
= (g- 1 X 2 a CT „ (j) _ s+1 X- 2 ^, j - (g" 1 - q-^+^+^X^ K UJ ) 

-(q- 1 - q-V-^-^X'- 1 ^ 
= q 2 X 2 a (yu (j)- s+ iX s 2 K u j 

-(q- 1 + q- 2 - g -«-«+l-2. _ g -!«- u+ l-2 a +l )A -a-l iifu 



q-'X'ajKvj+CX'-iKvj. 



Lemma 2.18 For ^ s ^ d — (2j + u — 1) — 1, i/ie elements X s K u j and X s F u j are linearly 
independent (for other values of s, we have X s F u j —0). 
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Proof: Assume that aX s K UJ + (3X S F U ^ = with s ^ d - (2j + u - 1)~ - 1. Multi- 
ply by lp + (j)-i-s using Lemma 12.171 and Lemma 12.91 then J^ + ^_ 1 _ S X S F u j is a multiple of 
^ q -2j+s+{2j+u-i)-u+2-(s+i) _ l)x< 2 i+ u -VF u<j which is zero. 

On the other hand, ^^_ 1 _ s X s K Uij is equal to Y%=a q~~ bc b,s7a u (j- ) - b X b H u> j. Now £ p = if 
and only if p = —2j — u + 1; but ifO^fe + l^p^s^d — (2j + u — 1)~ — 1, we have ( p ^ and 
therefore c;, iS ^ for all b, s with O^b+l^s^d — (2j + u — 1)~ — 1. 

So multiplying the identity aX s K u j + /3X s F u j = by 7* + ^_ 1 _ s gives a nonzero multiple of 
aj^ + ^_ 1 _ s X s K u j with r y^ T + ^_ 1 _ s X s K u j nonzero, so a = and therefore /? = 0. ■ 

Proof of Provosition WA^ We apply Lemma fe. 171 with t = d—1 = s to see that ~f^~^_ d X d ~ 1 K u ^ is 

a nonzero multiple of F u j : if b ^ d — (2j + w — 1)~ — 1 then q,.d_i = 0; if b ^ d — (2j + u — 1)~ + 1 
then 7^i. ) _ h X fc # UJ = 0; finally, if b = d - (2j + u - 1)", then 7^ ( 1 j) _ d X rf " 1 J R: MJ - is a nonzero 

multiple of X^"- 1 ^^ 1 ^ . In particular, X S K UJ ^ for all s = 0, . . . , d - 1. The rest of the 
structure follows from this and Lemma \2. 181 ■ 

We can easily find all the submodules of T u K u j, and therefore: 

Definition-Proposition 2.19 When 2j + u — 1 ^ (mod d), the module T u K u j has exactly two 
composition series: 

r u-Ku.j — ' IuXi^j -)- ^uDll.j ^ ^U-PlL,j ^ Lu_F u _j 3 

and 

Lu-^Mi,_7 ^uPu,j ~\~ r u-Du,j — ' L u Z^ u j 3 Lu-^u.j D 0. 

Define L(u,j) := - ^"^''d — ;! iWs is a simple module of dimension d — (2j + u — and 

i/ie composition factors of the composition series above are L{u,j), L(u,a u {j)), L{u, o'~ 1 (j)) 1 and 
L(u,j). 

Proof: The proof is straightforward using Proposition ^ . 1 61 and the Proposition ^ . 201 which follows. 



Proposition 2.20 Let S be a simple module. Then S is isomorphic to L{u,j) if and only if the 
three following properties hold: 

(a) Dimensions: dim S = dim L(u,j). 

(b) Action of the central idempotents: E u acts as identity on S, and E v acts as zero on S if v =/= u. 

(c) Let Y be the generator of S which is in the kernel of the action of X (this is well-defined up 
to a scalar and corresponds to H v _j). Then the vertex ej acts as identity on Y, and the other 
vertices act as zero. 

Note that the action of G on this same element Y is multiplication by q 3+u . 

d — {2j + u — 1)~ if t is even 
(2j + u — 1) iftis odd. 

To summarize: 

Proposition 2.21 // 2j + u - 1 4 (mod d), then T U K UJ = 0^1^, (kX h F u ^ kX h K uJ ) as a 
vector space, it has dimension 2d, and it is an indecomposable T u -module with simple top and simple 
socle, both isomorphic to L(u,j). 

If 2j + u — 1 = (mod d), then L(u,j) :— T u K u j = ® d l= QkX h F u ,j as a vector space, it has 
dimension d, and it is a simple T u -module. 

To decompose L„ into a sum of indecomposable modules, we find modules isomorphic to the 
T u K u ,j inside T u : 



Moreover, dimL(w, cr^(j)) 
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Lemma 2.22 If ^ h ^ d — (2j + u — 1) — 1, then right multiplication by X h induces an iso- 
morphism T u K u j — > T u K u jX h of T u -modules. 

Proof: We must show that right multiplication by X h maps T u K u j injectively in T u K u jX h , 
and it is enough to do this for h maximal. For this, we only need to check that H u jX h ^ and 
D u jX h ± 0. Since H u ,jX h ^ implies D u ,jX h ^ 0, and since h < d - (2j + u - 1)" - 1, we only 
need to consider B u ^X d -^ +u - 1 ^ - 1 . 

To compute this, we need a relation similar to that in Lemma 12.91 which is proved in the same 
way: we have 

W-1 mci Y b b^m-b+i) (to)^ -pr oj+m+u+t ,i yd-Lm-iin 

X lj E U:3 X=q * (m _ 6 ^ 11(9 - l ) X l j+ b E u,i+b 

if 6 < to and X d - 1 j™E uJ X b = otherwise. Using this relation, we see that H u ^X d -^ j+u -^~ - 1 

is a nonzero multiple of H^+^r -^ q 2j-i+u+t _ l)X d -Vj+ d + _"(2il^-i>--i^,-i-« which is 
nonzero. ■ 

We can now decompose T u entirely into a sum of indecomposable r„-modules: 
Theorem 2.23 T u decomposes into a direct sum of indecomposable modules in the following way: 

d-(2j+u-l)~-l 

r« = r u K u .jX h . 

j£2, n h—0 

Proof: We first prove that the sum is direct: the sums over h (for j fixed) are direct because the 
summands are in different right G-eigenspaces (K u jX h G = K M jX h GE u j + h = q u+: ' +h Ku,jX h ). 
The outer sum is also direct because the summands have non-isomorphic socles: the socle of 

d-( 2j -+„-i>--i TuKujX h is ^-w+u-ir-i L{nJ)X h with L{uJ) x^ - L(u,j). 

Equality follows from dimension counting. ■ 



Corollary 2.24 Set P(u,j) = T u K u j for all u,j. The modules P(u,j) are projective, and they 
represent the different isomorphism classes of projective T>{K n ^) -modules when u and j vary in 7L n . 
When 2j + u — 1 ^ (mod d) , their structure is 

L{u,j) 

H^a^ij)) L(u,a u (J)) 
L(u,j) 

and when 2j + u— 1 = (mod d), P(u,j) = L(u,j) is simple of dimension d. 

Moreover, the L(u,j) represent all the isomorphism classes of simple P(A„.d) -modules when u 

2 

and j vary in Z„. Those of dimension d are also projective, and there are %- projective simples. 



The simple modules were characterised in Rd2 , and when n — d, the simple modules have been 
described in |Ch| . 

We can now decompose each r„, and therefore T>(k n ^), into blocks: 

Theorem 2.25 The algebras T u decompose into blocks as follows: if j u ,i, ■ . ■ ,ju,r n are ^ e repre- 
sentatives of the orbits of a u in Z„, then T u = ^-'jlu^ where 

d-{2j+u-l)- -1 

B ^ = P{u,a t {j Uti ))X h , 
t h=0 

where t ranges from to — 1 if 2j Ut i + u — 1 ^ and t = if 2j u> i + u — 1 = 0. 
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It then follows that the quiver of T>{A n< i) has isolated vertices which correspond to the simple 
projective modules, and copies of the quiver 




with ^j- vertices and ^2 arrows. The relations on this quiver are bb, bb and bb — bb ( there are 
relations on each of these quivers). The vertices in this quiver correspond to the simple modules 

L(u,j), L(u,a u (j)), L(u,al(j)), . .., L(u,a u d (j)). 

Proof: For the general principle of presenting a basic algebra by quiver and relations, see |ARS1 Sec- 
tion II. 5 and III. 1 Theorem 1.9]. The arrows of the quiver correspond to generators of rad(P(A ni d)) /rad 2 (V(A n ^)) ■ 
From the structure of the indecomposable projective modules we know that for each p in Zzn , there 
is one arrow which we call b p from the vertex e p - corresponding to the simple module L(u, o~P(i)) 
- to the vertex e p+ i, and one arrow, called b p , from e p +i to e p . The zero relations follow easily, and 
moreover, for each p, there is a non-zero scalar c p with c p b p b p = b p -ib p -i. 

Starting at p — 1, we replace c p c p -\ . . . c\b p by b p , for p = 1, 2, • • • ,22 — 1, so that the relations 
become 

b p b p = bp-ibp-x _ for 1 < p < - 1 
c • • ■ C2r L _ 1 b b Q = b_i6_i- 

Since the algebra is symmetric (see the Introduction), the scalar in the final relation is 1: to see 
this, take a symmetrising form ip : M u ^ — ► k\ then 

ip(c . . .C2 ? _ 1 6o&o) = ip(b-ib-i) = ip(b-ib-i) = ip{b b ) = ^(b b a ). 

d 

Hence (co ■ ■ ■ ca«_j — l)6o^o lies in the kernel of ip, which spans a 1-dimensional (left) ideal of the 
algebra, and since is non-singular, this must be zero. This shows that cq . . . C2n_i = 1. 



Remark 2.26 It is now easy to see from the quiver and the structure of the projectives that the 
algebra 2?(A n ^) is special biserial (see jE] II. 1]). 

Note also that it follows from jE| II. 3.1] that V(A ruc i) is therefore tame or of finite type (see 
ARS, pill] and 4.4] for the definitions). We shall see in Section 13 and in the Appendix that it 
is in fact tame. 

Remark 2.27 It is known that the finite-dimensional quotients of U q {s\.2) studied by R. Suter jS], 
J. Xiao jX] and M. Patra [P] are quotients of some of these Drinfel'd doubles (for particular choices 
of d). Therefore their results can be recovered from the study of the Drinfel'd doubles T>(A ni d). 

Remark 2.28 If we fix a block B of V(A n ,d) which is not simple, we can prove that it is a Koszul 
algebra, using the results in |GMI Section 3] (by looking at minimal projective resolutions of 
the simple modules for B). Therefore, by GM Theorem 6.1 and Section 10], its Koszul dual 
ExtB(B/rad(B)_,B/rad(B)) is given by kQ^P/I- 1 , where Q is the quiver of B and I 1 ^ is generated by 
the relations bb + bb for all the arrows 6, b in the quiver. 

In fact, we see that Ext^(B/rad(B),B/rad(B)) is the preprojective algebra associated to an 
(unoriented) cycle. In [HJ Theorem 7.2], it was shown that such an algebra is Koszul, giving 
another proof that B is a Koszul algebra. 
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3 Classification of the representations of V(A n ^) 

We can now classify all the indecomposable representations of V(A n ^) and describe its Auslander- 
Reiten quiver. For definitions of Auslander-Reiten sequences (also called almost split se- 
quences) and Auslander-Reiten quivers, as well as descriptions of some components of Auslander- 
Reiten quivers, see [ARSI V.l and VII. 1] and [E| 1.7 and 1.8]. In this section we describe the rep- 
resentations and the Auslander-Reiten quiver without proofs; these are outlined in the Appendix. 
Note that this description shows that the algebra V(k n ^d) is tame (see Remark 12.260 . We then 
determine the quantum dimension of these representations and study related properties which we 
use in Section 0] when we calculate the tensor products of representations. 

3.1 Description of the indecomposable modules 

(I) String modules of odd length: the indecomposable modules of odd length are syzygies 
of simple modules, that is, of the form n k (L(u,i)) for some k in Z and for some simple 
module L(u,i). We have 

|lcngth(top(ft fc (L(u,i)))) - lcngth(soc(ft*(L(u,i))))| = 1. 

These modules are not periodic. 

(II) String modules of even length: fix a block M Ui {. For each ^ p ^ 2™ — l anc j f or each 
I ^ 1, there are two indecomposable modules of length 21 which we call M^Ju, : 

• The module M^ g (u, cr£(i)) has top composition factors L(u,a^(i)), L(u, c^ +2 («)), 
L(u, Ou +2 ^~ l \i)) an d socle composition factors L(u, erP +1 (i)), L(u, aP +3 (i)), . . . , 
L(?i,cr£ {%)): 

L(u,<7*(i)) L(u,a?+ 2 (i)) L(u,ai+ 2( - e - 1 '> (<)) 

The lines joining the simple modules are given by multiplication by the appropriate 6-arrow 
or 6-arrow (in the case n — d, when there is an ambiguity, the first line is multiplication 
by 7 dimi(«, ( rS(0) j the next one is multiplication by a scalar multiple of x d - dlmL( - u ><W> , 
and so on, up to scalars). 

• The module M^(u, has top composition factors L(u,a^{i)), L(u,a^ 1 ~ 2 (i)) 1 
L(u,aZ~ (i)) and socle composition factors L(u, cr^~ 1 (i)), L(u, c£~ 3 (i)), . . . , 
L(K,aT 2( '- 1)+1 (*)): 

L(n,<rP- 2 ( <! - 1 ' (»)) L(u,crP- 2 (i)) L(u,<r*(i)) 

L(«,<- 2(f - 1) + 1 (»)) ... ^ LiuM?- 1 ^)) 

As for the other string modules, the lines represent multiplication by an appropriate b or 
b arrow, and in the case n = d the first one from the left is multiplication by a power of 
X and so on. 

In both cases, indices are taken modulo =£. 
These modules are periodic of period ^jn. 

(Ill) Band modules (even length): fix a block B tti {. For each A ^ in k, and for each i ^ 1, 
there are two indecomposable modules of length which we denote by C^(u,i). They 
are defined as follows: 

• Let V be an ^-dimensional vector space. Then C^ + (u, i) has underlying space C + = 

© p lo Cp" with Cp = V for all p. The action of the idempotents e p is such that e p C + = 
C p . The action of the arrows b 2p and &2p+i is zero. The action of the arrows 62p+i is the 
identity of V. The action of the arrows b 2p with p ^ is also the identity. Finally, the 
action of bo is given by the indecomposable Jordan matrix Jg (A). 
Note that soc(C+) = rad(C+) = p e 2p+ iC + and that C+/rad(C*+) = p e 2p C+. 
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• The module C\ (u, i) is denned similarly, interchanging b's and b's. Note that if C = 
® P =o 1 Cp is the underlying vector space of C^(u, i), the Jordan matrix Jt{X) occurs as b 
from Cf to Cq", and that we have soc(C~) = p e 2p C^ and C~/rad(C~) = ® p e 2p +iC~. 

These modules are periodic of period 2. 

3.2 Description of the Auslander-Reiten components 

(I) Components with indecomposable modules of odd length: there are two components 
in the Auslander-Reiten quiver for each block B Uj j, one of which contains the simple modules 
L(u, cj'(i)) an d the other containing the simple modules L(u, 0^ p+1 (i)) f° r all ^ p ^ ^ — 1. 
They are of tree class A2n_ 1 , infinite in all directions, but we identify along horizontal lines 
so that the component lies on an infinite cylinder: 



fi 4 (s ) n 2 (s ) 

3 (Si) fJ(Si)- 
^ 

n 4 (s 2 ) f2 2 (s 2 ) 

o 3 (s 3 ) n(s 3 ) ■ 

^ ^ 
n 4 (s 4 ) f2 2 (s 4 ) 



n 3 (s^_!) n-^s^.j 

d d a d 
^ ^ 

fi 4 (s ) n 2 (s ) So n- 2 (s ) 

where S p represents L(u,a^(i)), and P p is the projective P(u,a^(i)). 

(II) Components with string modules of even length: there are four components in the 
Auslander-Reiten quiver for each block B Uj i, one which contains the modules M^(u, ct^ p (j)) 
for all p and £, one which contains all the modules M^(u, cr^ p+1 (i)) for all p and £, one 
which contains the modules M^Au, c„ p (i)) for all p and £, and the final one contains all the 
modules M^ e (u, <Ju P+1 (">■)) f° r au P an d They are tubes of rank ^, and the modules of 
length 21 form the £ th row. 

The Auslander-Reiten sequences are: 

M+ +2 (u,i- d) 
-> Mj(u, i - d) 8 -> ^(u, *) 



and 



M+_ 2 (M) 

M 2 ^ +2 (u,i + d) 
M^ e _ 2 (u,i) 

(where Mq{u, i) := 0). 

(Ill) Components with band modules: fix a block B Uj j. There are two components in the 
Auslander-Reiten quiver for each nonzero parameter A in k, one which contains the modules 
C^ + (u,i) for all £ and the other which contains the modules C^~(u, i) for all £. They are 
tubes of rank one. 



The Auslander-Reiten sequences are: 



it-' 



C\ (u,i) 
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and 

C{ +1 '-(u,i) 
0->C^~(«,i)-» © 

Ca _1 ' - («.») 

where C^u.i) := 0. 

3.3 Splitting trace modules 

In this section, we determine the quantum dimensions of the modules described above. This concept 
is defined in |CPj for ribbon algebras (note that the Drinfcl'd double of a Hopf algebra naturally 
gives rise to a ribbon algebra and that S(x) = GxG -1 for all x E D(A n ,d))' 

Definition 3.1 IGPl Section 4.2.C] Let p : X>(A„ jC j) — » End&(F) be a representation o/2?(A„ j( j). 
Let f : V — > V be a linear map and let tr be the usual trace. 

• The quantum trace of f is qtr(/) = tr(p(G)/). 

• The quantum dimension ofV is qdim(y) = qtr(idy). 

In Sectional we shall consider tensor products of modules over k, and in this context, splitting 
trace modules, that is, modules M such that the trivial module L(0, 0) is a direct summand in 
Endp(A ra d )(M), are useful in view of the following proposition: 

Proposition 3.2 Let M be an indecomposable module, and let A(M) be its Auslander-Reiten se- 
quence. 

(i) Suppose N is a splitting trace module, and M (8> N = i A4 © ■ Bj © P, with the A\ non- 
projective indecomposable splitting trace modules, the Bj non- projective indecomposable and 
not splitting trace modules, and P projective. Then A(M) ® N is the direct sum of Q) i A(Ai) 
and of a split exact sequence (equal to -> . Cl 2 (Bj) © Q -> 0^ £l 2 (Bj) © 0^ ; Bj © Q © P — > 
0j -Bj © P — > /or some projective Q ). 

(ii) Lf N is not a splitting trace module, then A(M) ® N is split exact. 

This proposition is proved using the same methods as [HJ 2.5.9], jACl 2.6], |GMSI 3.1 and 3.8] 
and |Kal 1.5], replacing the natural isomorphism M = M** by the isomorphism of £>(A rai d)-:modules 
given bymn(-, Gm). 

Splitting trace modules are related to the quantum trace as follows: 

Proposition 3.3 2.5.9] A module M is a splitting trace module if and only if there exists an 
endomorphism f 6 End-p(A„ d)(-^0 such that qtr(/) 7^ 0. 

Remark 3.4 Note that if qdim(Af) ^ 0, then M is a splitting trace module. 

Proposition 3.5 Let M = fl e (L(u,i)) be a module of odd length. Then qdim(Af ) = {—l) t q l+u 

1 - q 

Therefore if M is not projective, then it is a splitting trace module. 

Proof: We prove it for t non- negative and even; the other cases are similar: 

M = L(u,<j- C (i)) L{u,ai- 2 (i)) L{u,i) L(u,a' u (i)) . 

L(u,<j- e+1 (i)) ^ ... X ... ^ 

Set N = dim L(u,i). For each composition factor, choose a basis obtained by taking a generator 
of this simple which is in the kernel of the action of X , and then applying arrows to this element. 
These bases can be chosen so that they are compatible with the actions of the b- and 6-arrows. 
This gives a basis for M, with respect to which the action of G can be described by the diagonal 



c{-( Ui i)^o 
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matrix with entries q i+u , q i + u + 1 , . . . , qi+u+N-i^ q <r u (i)+u^ ; q a u (i)+u+d-N-l^ q i+u ( 
q 4+u+Ar ~ 1 , . . . , go that qdim(M), which is the trace of this matrix, is 

(N-l d-N-l \ Af-i 

t=0 s=0 ) t=0 

Since a u (i) = i + N, setting s = t — N gives: 



d-l N-l 



qdim(M) = I J] q l+u+t + 53 1 l+U+t = k i+U YT~ + 1 _ = 1 



1 - o a 1 - n N 1- a N 

u 1 y , „i+u 1 </ „i+u 1 y 



(7 1 — o ' l—o 

t=0 t—0 y y y 

Therefore M is a splitting trace module if, and only if, N / d, that is, M is not projective. 



Proposition 3.6 Let M be an indecomposable module of even length. Then M is not a splitting 
trace module and qdim(Af ) = 0. 

Proof: Take / in End-p(A n a(M). We choose a basis for M as in the proof of Proposition ^. 51 Since 
/ is a homomorphism of £>(A„ iC i)-modules, the matrix of / with respect to this basis is diagonal. 
By considering the actions of the arrows b p and b p which connect the composition factors of M , 
we can see that / is of the form /zid for some /i G k. Therefore qtr(/) = /iqtr(id) = /iqdim(Af). 
We can then calculate this as in the proof of Proposition 13. 51 to see that qdim(M) = 0. Therefore 
qtr(/) = for all / £ End C (A n d ){M) and so M is not a splitting trace module. ■ 



4 Tensor products of V( A n ^)-modules 

In this section, we determine the tensor products over the base field k of modules of types (I) and 
(II). Recall that if M and N are modules over £>(A„ jd ), then M ® N = N ® M (where <Z> = 

4.1 Tensor product of simple V(A n d )-modules 
The aim of this section is to prove the following theorem: 

Theorem 4.1 Set w = dim L(u,i) + dim L(v, j) — (d + 1), and define 



Y if zu is even 
^Y^- if vj is odd. 



Then we have the following decompositions: 
(a) Ifw^O, 



min{dim L(u,i) — l;dim L(v,j) — 1} 

L{u,i)®L{v,j)^ L(u + v,i+j + 9). 

9=0 



(b) Ifw^O, 



min{dim L(u,i) — l;dim L(v,j) — 1} -co 

L{u,i)®L{v,j)= L{u + v,i+j + 8)®Q)P(u + v,i + j + 9). 

Remark 4.2 In the case n = d, H-X. Chen gives this decomposition when w ^ 0, and gives the 
socle of this tensor product when w in |Ch| . 
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4.1.1 Preliminaries 



Recall (Proposition 12 . 2T)jl that a simple module is determined up to isomorphism by its dimension, 
the action of the idempotents E u and the action of the idempotents ej. This will be important in 
order to determine the socle of the tensor product L(u, i) ® L(v,j). 

Notation 4.3 To simplify notation, set 

dim L(it, i) = a, 
dhnL{v,j) = j3, 
assume that a [3 throughout. 

Lemma 4.4 The vector space L(u,i) (E> L(v,j) has basis {z s t | ^ s ^ a — 1, Q ^ t ^ (3 — 1}, 
where z s j — 7, ? -Hu,i <g> jjH Vt j. 

Definition 4.5 We define a grading on the vector space L(u,i) ®L(v,j) by setting deg^(z Syt ) — 
s + 1. 

Lemma 4.6 The socle of L(u, i) ® L(v,j) is isomorphic to a direct sum of simple modules of the 
form L(u + v, — ). 

Proof: It is easy to see that E u+V z s _t = z a< t for all s, t. ■ 

In order to find all the simple modules in the socle, we need to find the kernel of the action 
of X: the generators H w ^ of the simple modules are in the kernel of the action of X. Note that 
X ■ jfH w> £ = (s) q (l — q 2t - +w ~ 1+t ) r y s l ~ 1 H w ^, which is nonzero if s > 0, and zero if s = 0. 

4.1.2 Kernel of X 

Lemma 4.7 The kernel of the action of X on T>(A nt d) has dimension n 2 d. 

Proof: The Hopf algebra A*™ p is a Hopf subalgebra of T>(A n> ^), so by a theorem of Nichols-Zoeller 
|NZl Theorem 7], X>(A„, d ) is free as a module over A ra ™ p , with rank nd. 

Now A* n co / = (G, X | G n = 1, X d = 0, GX = q^XG) so the kernel of the action of X on A* n co f 
has dimension n with basis {G i X d ~ 1 | i = 0, . . . , n — 1}. 

Therefore the kernel of the action of X on T>{A n ^d) has dimension n ■ nd. ■ 



Lemma 4.8 The kernel of X is spanned by {H u jX h , D u jX h | u,j 6 Z„, ^ h ^ d—(2j + u — 1) } 
(this set contains repetitions). 

Proof: Note that all the elements H u jX h and D u jX h are in the kernel of the action of X. 

We consider the case where d is odd; the case d even is similar, but the simple projective modules 
are distributed differently. 

There are n simple projective modules of dimension d in T u (there are ^ isomorphism classes of 
simple projective modules, and the number of isomorphic copies of each one is d) and each one gives 
one element of the form H u jX h = D u jX h . The other projective modules in r u have dimension 
2d, so there are dlm ^~" d = " ( - d 2 ~ 1 - ) of them, and each one gives two elements in the kernel of X. 

Therefore we have n ■ (n + 2 "^ 2 ~ 1 - ) ) = n 2 d distinct elements in {H u jX h , D U jX h \ u,j<E Z„,0 ^ 
h ^ d — (2j + u — which are in the kernel of X and linearly independent. We can visualise 
these elements in the basis of the action of X as in the picture below: 
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Note that there are n 2 d-\-n 2 elements in {H u jX h , D u jX h \ u, j £ Z n , ^ h ^ d—(2j + u — l) - }, 
which is consistent with the fact that the elements in the kernel of the action of X coming from 
simple projective modules appear twice. ■ 

From now on, we consider modules up to isomorphism, so assume that h = 0. 

Proposition 4.9 The kernel of the action of X on L(u,i)(&L(v,j) has dimension a = dim L(u,i), 
and is spanned by elements xg with deg^xg = 9 and ^ 9 ^ a — 1 (there is one element (up to 
scalars) in the kernel for each degree). 

Proof: Consider the vector space Ug spanned by the elements z Sjf with deg^(z S! t) — 9. The kernel 
of the action of X on L(u,i) <g> L(v,j) is the span of the kernels of the ipg where ipg : Ug — > Ug-i 
is right multiplication by X. It is easy to see that ipg(z s-t ) = /i s ,t^s-i,t + Va,t%a,t-i with fi s _ t = if 
and only if s = and v Sj t = if and only if t = 0. 

First assume that ^ 6 ^ a — 1 : then dim Ug = 9 
of the form 



V 



1 and dimUg-i = 9. The matrix of ipg is 
\ 







v 

[l V ) 



so (pg is onto; therefore its kernel has dimension 1 and is spanned by an element xg with deg^{xg) — 
9. 

If 9 ^ a, then AmiUg-i ^ dimUg and the matrix of ipg is either square (if a ^ 9 ^ (3 — 1) or 
rectangular with one more line than it has columns. It contains a maximal square matrix of the 
form 



/ v 
/' 


V 

so the rank of ipg is the dimension of Ug , and 



\ 







v 

\i v ) 
is therefore injective. 



Remark 4.10 An element xg is either of the form H u+VtP , in which case it generates a simple 
module, or of the form D u+VtP , in which case it generates a non-simple module which cannot be a 
summand in the socle of L(u,i) ® L(v,j). 

Remark 4.11 Since ei+j+gZ St $— s — z Sj g_ s for all s, we also have ei+j+gxg = x$. In particular, if xg 
generates a simple module, then this simple module must be L(u + v,i + j + 9). 

4.1.3 Proof of the decomposition when a + j3 ^ d+ 1, and some general results 

Proposition 4.12 Suppose vu < and O^^Kaortn^O and ^ zu < 9 < a. Then xg generates 
a simple module of dimension < d. The element xg for 29 = w generates a simple projective module 
if and only if w > is even or w = 0. 

Therefore L(u,i)tg)L(v, j) contains ®g = g L(u + v,i+j + 9) ifzu < and contains L(u + 

v,i + j + 9) © L(u + v,i + j + y) */ ro ^0, the last term only occurring if w is even. 

Proof: If xg is in the kernel of 7 J d _ ) ~ 1 _ ) _g > then it must generate a simple module of dimension < d (see 
Proposition 12 . 1 6(1 . So suppose for a contradiction that jf+J~ +e xg ^ 0. Then n ff+} + gZ St g- a f° r 

some s. But ^ +g Z s ,g- s = £^ 7 ^ ^"^I^M <8 7| +d ~ 1_r ~ s #„,j, and the coefficients 

are all nonzero. Therefore there exists an r such that Y- +s H u .i ®7j , +d ~ 1 ~ r ~ s H V j ^ 0. In particular, 
j r + s ff ui anc i ~/j +d ~ 1 ~ r ~ s H v j are nonzero, so r + s^a — 1 and 6* + d— 1 — r — s ^ /3 — 1. Therefore 
(r + s) + (9 + d - 1 - r - s) < a + (3 - 2. 
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On the other hand, (r + s) + (9 + d - 1 - r - s) = 9 + d - 1. 
Now consider the case w < 9 < a : then 

a + (3-2 =w + d+l-2 

<e+d-i 

= (r + s) + (6 + d-l-r-s) 
sC a + /3-2, 

and this gives a contradiction, so xg must generate a simple module of dimension < d. 

Finally, assume that 9 = ^ with w even. Then either vo > and 29 = zu = a + (3 — d — 1, or 
w = and = (since n7 < and = f > 0). 

Suppose for a contradiction that generates a non-simple module. Then the degree of xg must 
be (see Proposition ^. 16(1 

-(2(i +j) + (u + v)-l + 29) = -((2i + u - 1) + (2j + v - 1) + 1 + m) 

= -(d -a + d- p + l + w) 

= -{d) = -d, 

which is impossible since the smallest possible degree is — d+ 1. 

Therefore xg also generates a simple module, and this module is L(u + v, i+j + of dimension 
d and so projective. 

The sum of all the simple modules above is contained in L{u,i) ® L(v,j), and since the simple 
modules which occur are non-isomorphic, the sum is direct. I 

We can now give the decomposition of L(u, i) ® L(v,j) when dim L(u, i) + dim L(v, j) ^ d + 1 : 
Proposition 4.13 Assume that dimL(u, i) + dimL(v,j) ^ d+ 1. Then 

min{dim L(u,i) — l,dim L{v : j) — 1} 

L{u,i)®L{v,j)^ L(u + v,i + j + 9). 

Proof: We know that L(u, i) <£> L(v, j) contains ©# = o L(u + v,i+ j + 6). Computing the dimension 
of this direct sum gives: 

(Q-1 \ Q-1 

0i(« + v, i + j + 0) =J2(d- (-a- + 1 + 29)-) . 
6=0 J 6=0 

But we have 

-a - (3 + 1 + 29 ^ -{d + 1) + 1 + 26> ^ -d 

and 

-a-f3 + l + 26^-a-/3 + l + 2(a-l)=a-f3-l<0. 

Therefore 

(Q-1 \ Q-1 

(£)L(u+v,i+j + 6)\ = J2(d- (-a- P+l + 29 + d)) 
6=0 J 6=0 

= (a + (3 - l)a - 2^^ 

= a(3 

= dim L(u, i) ® L(v, j) 



4.1.4 Socle of L(u,i) ® L(v,j) 

Proposition 4.14 The socle of L(u,i) <8)L(v,j) is isomorphic to 

min{dim L(u,i) — l;dim L(v ,j) — 1} 

L(u + v,i + j + 9). 

9=« 
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The proof follows from the next two lemmas; we first consider the case ^ 29 < w : 

Lemma 4.15 Assume that ^ 29 < w. Then xg does not generate a simple module. 

Proof: Note that we have w > and therefore a + (3 > d + 1. Suppose for a contradiction 
that xg does generate a simple module. Then it would have dimension d — {—a — (3 + 1 + 29) ~ = 
d - (-a -(3+1 + 29 + 2d) = a + (3-d-l- 29. Therefore, the element ^ot+p-d-i-26 ' Xg WQuld bc 
in the kernel of all arrows. 

But in the same way that we determined the kernel of the action of X (see Proposition ^. 9fl . we 
can see that the intersection of the kernels of the actions of all the arrows on L(u,i) <£> L(v,j) has 
dimension a and has a basis formed of elements y^ for (3—1 ^ ir ^ a + (3 — 2, with deg^y^ = it. 

Therefore, we see that the element j a+l3 ^ d ^ 1 ~ 2e xg must have a degree in L(u, i) ® L(v, j) which 
is at least (3-1. However, deg^+^-^-^xg = a + (3 - d-1- 6 = (3 -1- (d- a + 6) < (3 -1. 
Therefore xg cannot generate a simple module. ■ 

The remaining case is w < 29 ^ 2ru : 

Lemma 4.16 The socle of the module generated by xg with ^ 29 < w is a simple module, 
generated by an element xg> with w < 29' ^ 2m, and all the remaining elements in the kernel of 
the action of X can be obtained in this way. 

Proof: The element xg is of the form D u+V ^ p for some p. To find p, note that deg^xg = i + j + 9, 
so e.;+j+0 is the unique vertex acting as the identity on D u+V ^ p , and therefore i + j + 9 = p — 
(2p + u + v - 1) = a u +v(p) - d. So we have p = cr1 +v (p) — d = a u+v {d + i + j + 9) - d. 

We can now compute the dimension of s ^ Xe x this is equal to {2p + u + v — 1) = m — 29 using 
Proposition 12 . 1 (j| and the previous remarks. 

Now consider <-^+-?+ e 'xg: we know that this is an element in the kernel of the action of X. Set 
9' := deg^ t+: > +e xg = w — 9. Then 29' = vo + (w — 29) > zu, so ~f 1+ i +e xg — xg> up to scalars, with 
vo < 29' ^ 2zu. 

The final claim follows from the fact that #{6> | 0^29 <m} = #{0' | w < 29' ^ 2w}. U 



4.1.5 Proof of the decomposition when a + (3 > d + 1 

We now know the socle of L{u,i) (g> L(v,j), and we want to determine the entire decomposition. 
For this we determine a largest semisimple summand which has no projective summands and prove 
that the remaining summands must be projective. 
Consider the projective module P(v, o-y P+1 (j)) : 

L(v,^(j)) 

We have an exact sequence 

- L{v,al^{j))^n{L{v,a^+\j))) — L(v, © L{v, ^ +2 (j)) - 0. 

Note that d\m L(v , a 2p+1 {j)) — d — (3 < a since a + (3 > d + 1. Moreover, dimL(u,i) + 
dm\ L(v , a"l p+1 (j)) = a + d — (3 < d + 1 since a ^ (3. Therefore, by Proposition 14.131 taking 
the direct sum of these sequences over p and tensoring on the left by L{u,i) gives: 

f-ld-/3-l 

0-0 L(u + v, i + al p+1 {j) + 9)^ 00 n(£(« + v, i + + 9)) © P 

p=o g=o p=o g=o 

($L{u,i)®L{v,al p {j))\ -0, 

p=0 
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where P is a projective module. 

Set M := ®p=o L(u,i) ® L(v,a 2p (j)). We know by Proposition Ull that the socle of M 
is ®p=o ©<j=" 1 L(u + v,i + <J 2p {j) + 9). It is straightforward to check that the summands in 
©0=0 1 + i + c 2p+1 (j) + 0) and in soc(M) are pairwise non-isomorphic. 

We now determine the nonprojective part of M. 

Take a simple module S :— L(u + v, i + a 2p+1 (j) + 9) inside the left-hand term. If S is projective, 
then it must be a summand in P (since tt(S) = 0, or since S is also injective), and does not occur 
in M. 

Now assume that S is not projective. This simple module must embed via / into either 

L{u+v,a-l v {i+al P+1 {3)+6)) L(u+v,<r u+v (i+^ +1 (j)+0)) 



or an indecomposable projective summand Q of P. Assume for a contradiction that S embeds into 
a projective Q. Then the cokernel of this embedding is 

Q/S: S ^ 

L(u+v,a-lJi+al" +1 (])+e)) L(u+v,<r u+v (i+<?l P+1 (j)+9)) 

This is therefore an indecomposable summand of M 2 , and hence of M. So the square of Q/S must 
be a summand of M 2 . The second copy of Q/S must arise in the same way, so there are two copies 
of the simple module S in ©#Zq 1 L(u + v.i + crl P+1 (j) + 6), which contradicts the fact that the 
summands are pairwise non-isomorphic. 
Therefore S embeds in 

So we have M 2 = P © ©f^ 1 ©^ _1 L ( u + w > ^+v(i + cr 2 v p+1 (j) + 9)) © ©J^ 1 ©to" 1 L ( u + 
v, o-l v {i + a 2 v p+1 (j) + 9)) which is isomorphic to ©J^ 1 ©to" 1 L(u + v, a u+v (i + a 2 P +1 (j) + 9)) 2 
(recall that a 2 {I) =l + d). 

We know the socle of M, so we need to identify which simple modules in the socle we have 
obtained. We can see that a u + v (i + cr 2p+1 (j) + 9) = i + al p+2 {j) + (a — 1 - 9), and w + 1 = 
a + /?-d<7r:=a-l-0<a-l. SoAfS ©J^ 1 0°I^ +1 L(u + u, i + o*(j) + tt) © P' with P' 

projective. Since we know the socle of M, we get P' = ©p^ 1 ©^= s + u > * + a v P (j) + 7r )- 

Finally, since all the summands in M are non-isomorphic, we conclude using the socle of L(u, i)(8> 



4.2 Tensor product of modules of odd length 

We know from the description of the modules of odd length IH.lljH) that all the modules of odd 
length are syzygies of simple modules. Moreover, we have 

Q k (M) ®Q e (N) ^n k (M ®n e (N))(B (projectives) 
= n k \n l (N)(S)M)® (projectives) 
^ n k (n e (N © M)) © (projectives) 
^ fl k+e (M © N) © (projectives). 

Therefore, from the results above applied with M and N simple, we can decompose the tensor 
product of any modules of odd length into a direct sum of modules of odd length, up to projectives. 

4.3 Tensor product of a string module of even length with a module of 
odd length 

In this section, we study the tensor product of a string module of even length with a module 
of odd length, and by I3.H|I|) and Section 14.21 it is enough to consider the tensor product of a 
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string module of even length with a simple module. To simplify notations, let J denote the set 
{0 ^ # ^ min{dimL(w, i), diuiL(v, j)} — 1} if dim L(u,i)+ dim L(v, j) < d+1, and the set {ra + l ^ 
9 ^ min{dimi(u, i), dimL(w, j)} — 1} if vj :— dimL(u, i) + dimL(v, j) — (d+ 1) ^ 0. 

Proposition 4.17 The tensor product of a string module of length two with a simple module de- 
composes as follows: 

M£(u 7 i) © L(v, j) = (J) M 2 + (u + v, i + j + 9) © projective 

and 

M 2 ~ (u,i)®L(t),j)^0 Mf (u + v, i + j + 9) 8 projective. 

Proof: We prove it for M 2 + (u,i). Consider the exact sequence 

-> L(u,cr n (i)) M 2 + (u,i) -> -» 

and tensor it with L(v, j). We know the decomposition of the two outside terms from Theorem 14. II 
so M^iu, i) <8> L(v,j) — W © P where P is a projective module and the composition factors of W 
are the non-projective simple summands in L(u,i) © L(v,j) and L(u,a u (i)) © L(v,j), which are 
known. 

We now show that the non-projective summands in M^(u,i) © L(v,j) have length 2. We 
know that M+(u,i) is periodic (from EHUD ), so n rn (M+(u,i)) ^ M+(u,i) for some m £ £,. 
Then, tensoring a minimal projective resolution of M 2 + (u,i) by L(v,j) and using the fact that 
P © L(v,j) is projective if P is projective |GMSI Proposition 2.1] gives fi m (M 2 (u, i) © L(v,j)) = 
M 2 (m, i) © L(v,j) © projective. So any summand of M 2 + (u,i) © L(v,j) is either periodic, and 
therefore of even length, or projective. From the description of the indecomposable modules of 
even length (|3.1I) . we know that all the simple summands in the top have the same dimension N 
and all the simple summands in the socle have the same dimension d — N. It is easy to check 
that the (non-projective) simple modules which are summands in L(u,i) ®L(v,j) all have different 
dimensions, and that for each dimension N that occurs there is exactly one simple summand in 
L(u, o~ u (i)) © L(v,j) which has dimension d — N, and moreover that the simple modules pair off 
to give indecomposable summands of length 2, whose top and socle are fully determined by the 
decompositions of L(u, i) ®L{v,j) and L(u,a u (i)) © L(i>, j). 

We now need to decide whether these summands of length 2 are string or band modules. If 
n 7^ d, then there are no band modules of length 2 so it is clear. 

Now assume that n = d, and let us write temporarily Cq + (u, i) for M^iu, i). For any A € k, the 
module C^ + (u,i) is characterised by the following pullback diagram: 

L(u, a u (i)) C{ + (u, i) ^ L(u, i) 

•p\ 

^L{u,a u (i)) *-P(u,a u (i)) > SI' 1 (L(u, a u {i))) ^0 

with ipx(H u ,i) = Xb Q D u ^ {i) +b 1 D u ^ <Ju{i) . 

The summands in Cq + (u, i) © L{v,j) are of the form C^ + (u + v,i + j + 9). Consider such 
a summand: then (p \ : L{u + v,i + j + 9) — > Q(L(u + v,a u+v (i + j + 9))) is the restriction of 
ip © id : L(u,i) © L(v,j) — > Q(L(u, i)) © L{v,j) to the summand L(u + v,i + j + 9). Applying 
&o to the first term in ipx{Hu+v,i+j+e) gi ves A&o^o-f u+«,»+j+flj an d applying b\ to the second term 
gives bibiD u+v ^ + j + g = boboD u +v,i+j+e- So the first one is A times the second, and they are both 
nonzero. Now apply the same procedure with ipo © id : the first term will be 0, and the second 
non-zero. Hence we must have A = and therefore the summands in M^iu, i) © L(v,j) which are 
of the form C]^{u + v,i + j + 9) are in fact of the form M^{u + v.i + j + 9). 

We then consider all the cases: 

• dim L{u, i) + dim L(v , j) < d + 1 and dim L(u, i) ^ dimi(w, j); 

• dim L(w, i) + dim L(v, j) < d + 1 and dim L(u, i) > dimi(i>, j); 
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• dim L(u, i) + dim L(v , j) ^ d + 1 and dim L(u, i) > dimi(w, j); 

• dim L(u, i) + dim L(v,j) ^ d + 1 and dim L(u, i) ^ dim j) 

in order to determine the exact bounds (for 9) of the decomposition up to projectives. 



Theorem 4.18 The tensor product of a string module of even length with a simple module decom- 
poses as follows: 

M+ e (u, i) © L(v,j) = M+ e (u + v,i + j + 6)® projective 

and 

M~ e (u, i) © L(v, j) = M^(u + v,i+j + 6)® projective 

Proof: We work by induction on £, using Proposition 13.21 (01, which we apply here with M = 
M^ e (u,i + d) and N = L(v,j). We know that N is a splitting trace module (Proposition |^J) and 
we have the Auslander-Reiten sequence 

A(M+ e (u,i + d)) : 0-> AfJ(u,i) -> © -> M£(u, i + d) -» 

(where Mq (it, i) :— 0). The summands in M^ +2 (m, i + d) g) L(v,j) are not splitting trace modules 
(they have even length), therefore, by Proposition 13.21 (Q), the sequence A{M^i{u, i + dj) ® L(u, j) 
is split exact. We know the decomposition of the tensor product of three of the terms with L(v,j), 
so induction yields the fourth. ■ 

Remark 4.19 We can now find the tensor product of any string module of even length with any 
string module of odd length up to projectives, using the results and methods of the previous sections. 

4.4 Tensor product of string modules of even length 

Proposition 4.20 The tensor product of two string modules of length two of the same type decom- 
poses as follows: 

M+(u, i) © M+(v,j) = 0[M+(u + v, i + j + 9) © M+(u + v, a u+v (i +j + 9))} © projective 
and 

M 2 ~ (u, i) © M 2 ~ {v, j) [M 2 ~ (u + v, i + j + 9) © M 2 ~ {u + v, a^\ v (i + j + 9))} © projective. 

8£3 

Proof: We start with the exact sequence — > L(w,(t~ 1 (j)) — > 51 _1 (L(w,j)) — > M%(v,j) — > 0. 
Tensoring on the left by (u,i) gives again an exact sequence, and using Proposition ^. 171 we get 
the exact sequence: 

-> ® p Mf(u + v,i + a- 1 (j + p)) -> Q- 1 (® e M+(u + v,i+j + 0))®P -> M+(u,i) ©M+(w,j) -> 

where P is a projective module. Note that the middle term is equal to ®sM 2 + (!i + v, cr u+v (i + j + 
9)) © P and that i + o-~ x (j) + p = cr~ +v (i + j + tt) with 7r in the same range as 9 (for the latter, we 
consider all the four cases that occurred in the proof of Proposition 14 . 1 7(1 . So we have 

-> ® 7I M+ (u + v, cr^l v (i+ j + tt)) -» © e M 2 + (M + u,cr u+ , ) (i+j + 6'))ffiP -v Af 2 + (w, i) © Af+(w, j) -> 0. 

We now prove that M^(u + v, a~+ v (i + j + 7t)) embeds into the projective P : if not, then the 
socle of (u + v, o~\ v (i+j + ir)), which is L(u + v, i + j + it) , embeds into one of the modules of 
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length two, so we would have L(u + v, i + j + n) = L(u + v,cr^ +v (i+j + 9)) = L(u + v,i + j + 9 + d) 
and hence tt = 9 + d, which is impossible since 7r and 9 are in the same range, which has at most 
d — 1 elements. 

Therefore M 2 (u + v, cr~ +v (i+j +7r)) embeds into the projective P and gives M 2 (u + v, i+j + n) 
in the quotient. This means that in the quotient we have a projective, M 2 (u + v,i + j + 7r) and 
M 2 (u + v, <J u +v(i+j + 9)) with 9 and it in the same range. We cannot have i+j + n = cr u+v (i+j + 9) 
(again, consider cases as in the proof of Proposition 14. 1 7f l so these modules of length two do not 
link up to give modules of length four. They must therefore occur as summands. 



Proposition 4.21 The module M 2 (u,i) © M 2 (v,j) is projective. 

Proof: If we tensor the exact sequence — » L(v , cr^ 1 (J)) — > j')) — > M% (v,j) — ► on 

the left by M^{u, i), we get the exact sequence — > ®^M 2 {u + v, cr u+v (i + j + tt)) — * ©g-M^iz + 
v i a u+v(i + i + 0)) © -P — * M^fa, ® M2~(v,j) with 7r and in the same range. So M 2 ~~(u, i) <8> 
M 2 must be a sum of modules of the form M%(u + u, £) and a projective. 

A similar argument starting with the exact sequence — > L(u,cr u (i)) —> Cl (L(u,i)) — ► 
M 2 (u, z) — > implies that (tt, i) © M 2 (v, j) must be a sum of modules of the form M 2 {u + v,£) 
and a projective. 

Combining these results implies that M 2 (u, i) ® M^ 1 " (w, j) is projective since the decomposition 
into indecomposable summands is unique and we can distinguish modules of the form M 2 (w,£) 
and modules of the form M 2 (w, £) by viewing them as A„ iC ;-modules and checking whether as such 
they are projective or not. 



Theorem 4.22 If I andt are two positive integers, then M^Au, i) <& M 2t (v , j) is projective, and we 
have the decompositions: 

21-x t-i 

M+(u, i) ® M+(v, j) = 0M 2 + (u + v, <r p u Xl r (i + j + 9)) © projective 

eea p=o r=o 

and 

21-1 t-1 

M~{u, i) © M 2t (v, j)S00 0M 2 - (u + v, o-;X P v +2r) (i+j + 0))® projective 

063 P=0 r=0 

Proof: We work by induction on £ and t, using Proposition ^. 21 ijujl , since we know that modules of 
even length are not splitting trace modules fProposition l3 . 6|) . so we will obtain split exact sequences. 

Let us consider for instance M 2e (u,i)®M 2t (v,j). We first set t = 1 and consider the Auslander- 
Reiten sequence for M 2e (u, i + d). An induction on £ gives M 2e+2 (u, i + d) ® M 2 (v,j) and hence 
M 2 ^(it, i + d) <g) Mf(v, j) for all £. 

We can then do an induction on t, considering the Auslander-Reiten sequence for M 2t (v,j + d), 
to get the result. ■ 



4.5 Tensor products of band modules with modules of odd length 

Consider the tensor product C^ + (u, i) ® L(w, j). Using a method similar to the proof of Proposition 
14.171 we can see that this tensor product decomposes as ®gCj^(u,i). We must then determine 
the parameters fie- We will describe the method on an example, which will give an algorithm to 
determine these parameters for any given example, and illustrate the complexity of the general case. 

Example 4.23 Let us consider the tensor product C^ + (l, 5) © L(0, 2) when n = d = 6. As we have 
said above, we know that this tensor product decomposes as C*+(l, 1) © C*+(l, 2) © L(l,3) for 
some /to and \x\ to be determined. 
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The blocks involved are 




L(l,5) £(1,1) and L(l,2) £(1,4). 




Determine ^ : Recall that, for any A e fc, the module C^ + (u, i) is characterised by the following 
pullback diagram: 

*~L{u,<7 u {i)) ^C\ + {u,i) *~L{u,i) ^0 

L(u, a u {i)) ^ P(u, a u (i)) ^ fi-^u, <r u (i))) > 

where the homomorphism ip\ is determined by ip\(H u ,i) = A&o-Du,cr„(i) + biD U (7u t i y 

We first find Z in L(l, 5)®L(0, 2) corresponding to Hn in L(l, 1) (up to scalar multiples): this 

satisfies eiZg = Z$ so we must have Zq — H\^ ® H02, and we check that XZq = 0. 

We then apply (p\ ®id to Z : this is equal to (xo, yo) with xo = A(&o-Dii)®ffo2 = 12XDn ®H 02 

and j/o = (bi-Dn) ® H 02 = -12H n <g> H 02 . 

We now need to lift xo and yo to P(l, 1) ® L(0, 2) : 

• Since Xx = 0, we know that xo corresponds to L>i 5 , so we do not change xq. 

• We look for y = -12H n <8> H 02 + aXH n <g> aH 02 + f3X 2 Hu ® 7 2 if 2- The element y is 
characterised by Xy ^ and aXy = (it corresponds to Hi 5 ). This gives the equations 
-12q 2 + a(2q + q 2 ) '+2/3(1 + q) = and 2(q 2 - l)/3 - a = 0, so finally 

y = -12-ffn ® #02 + 4(1 + g)Xffn ® aff 02 - 2qX 2 H n <g> 7 2 ff 2- 

We know that ^^(Hu) = {tiobiD 15 ,b D 15 ) corresponds to (x ,y ), so &ix = Hob y . 
Calculating &ix gives 12A[6X 2 7Jn <g> # 2 - 2(g + q 2 )X 3 Hn ® a#02 - 2#n ® 7 2 ® #02], and 
calculating 6 y gives 12[-6X 2 i7n ® #02 + 2(g + q 2 )X 3 7Jii ® aff 2 + 2#n ® 7 2 #02], so finally 
= -A. 

Determine fi\ : We proceed in the same way: Hi 2 corresponds to Z\ = (1 + q)aH 15 ® #02 + 
J?i5 (8> ai/02 in £(1, 5) ® £(0, 2), and applying ^ ® id gives (xi, yi) where Xi = 12A[(g + g 2 )XDn ® 
ff 2 + -Dii®a£To2] and j/i = 12[-(g + g 2 )Fn ®H 02 - Hn ®aH 02 ] (note that ipx(aHi 5 ) = a,(p\(H 15 )). 
Lifting to P(l, 1) ® L(0, 2) does not change Xi, and yi becomes y~i = 12 [— (q+ q 2 )Fn ® H 02 — i?n ® 

a# 2 + A"ffn ®7 2 %]- 

Then, since (p t _ ll (Hi 2 ) = (fiib' Di4,b[Di4) corresponds to a scalar multiple of (xi,y~i), we have 
b' Q xi = fiib[yi, and calculating each of the terms in this identity yields = A. 

Therefore C\ + {u, i) ® L(v,j) = C*i+(1, 1) © C{ + (1, 2) © L(l, 3). 

Using the method described in this example, we can calculate the tensor product of a band 
module of minimal length ^ with a simple module, and hence using Auslander-Reiten sequences 
and the fact that modules of odd length are syzygies of simple modules, as in the previous sections, 
we can determine the tensor product of any band module with a module of odd length. 

4.6 Tensor products of band modules with other modules of even length 

Here again, we will describe the method on an example: 
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Example 4.24 We shall consider the tensor product C^ + (l,5) ® C^ + (0, 2) with n = d = 6. Since 
the modules we are tensoring are periodic, their summands must also be periodic or projective, 
and hence of even length. From Example 14.231 and a similar calculation which gives C^ + (l,5) (8) 
£(0,5) = Ci^(l,4) © C^ + (l,5) © £(1,0), we see that the non-projective composition factors of 
C^ + (l,5)<gsC£+(0,2) are £(1,1), £(1,1), £(1,5), £(1,5), £(1,2), £(1,2), £(1,4) and £(1,4). Note 
that the first four composition factors and the last four composition factors must be in separate 
summands of C^+(l,5) ® C£+(0,2), since <Ti(l) = 5 and ci(5) = 1, neither of which is equal to 2 
or 4. Call these summands M and AT. 



Determine the top of C^ + (l, 5) (g> C^+(0, 2): We shall use here the following result from jtlMS 
Propositions 1.1 and 1.2]: 

Hom(A © £?, C) ^ Hom(A, £* © C) 

for any I?(A„ j( i)-modules A, B and C, where £?* is the A-dual of £. Moreover, we can see that 
C^ + (u, £)* = C^ + (it, <r u (i)) (note that it is easy to see, using Proposition 12.201 that L(u,i)* = 
£(1 - u,<r u (i))). 

The module £(1,1) is in the top of C* + (l,5) <8> C£+(0,2) if, and only if, Hom(C^+(l,5) <g> 
C*i+(0, 2), £(1, 1)) is nonzero. We have 

Hom(Ci+(l,5)®Ci+(0,2),£(l,l)) = Hom(C5+(l, 5), C£+(0, 5) ® £(1, 1)) 

= Hom(Cl+(l, 5), C£+(l, 1)) © Hom(C£+(l, 5), 2)) 

©Hom(Cj[ + (l,5),£(l,3)) 
= fc©0©0=fc. 

Hence £(1, 1) occurs once in the top. 

Similarly, £(1, 2) occurs once in the top. Now 

Hom(C^+(l,5)®Ci+(0,2),£(l,5)) <* Hom(Cj[ + (l, 5), C/+(0, 5) © £(1, 5)) 

= Hom(Ci+(l, 5), Cl+(1, 4)) © Hom(C£+(l, 5), 5)) 

©Hom(Cj[ + (l,5),£(l,0)) 
- Hom(Ci+(l,5),C3+(l,5)) 

{A; if 1^4 = A 
otherwise, 

since any homomorphism must be an isomorphism. So we need to determine v±. Proceeding as in 

Example 14.231 gives v± = 2^^" Hence £(1, 5) occurs in the top if, and only if, A = 9~^' 

Similarly, £(1,4) occurs in the top if, and only if, A = — — ^At- 

Determine the socle of C^ + (l, 5)©C* + (0, 2): This is similar, considering Hom(£(w, i), C^ + (l, 5)c* 
C^ + (0, 2)) for each of the simples L(u, i) involved. We find that £(1, 1) and £(1, 2) both occur once 

in the socle, £(1, 5) occurs in the socle if, and only if, A = ^T"^' anc ^ ^ occurs m the socle 

if, and only if, A = — ^""^ 

First case: A ^ ± -fj,: Then £(1,4) and £(1,5) do not occur in the top or the socle of 

C^ + (l,5) © C^ + (0,2). Therefore the two summands we considered above each have a simple top 
and a simple socle, so C\ + (l, 5) © C* + (0, 2) = P(l, 1) © P(l, 2) © projective is a projective module. 

Second case: A = — ^T~^ : Then the summand M is as in the first case and must be P(l, 1), but 
the summand N differs: £(1,2) and £(1,4) both occur once in the top and once in the socle, and 
since the summands must have even length, N must be C^(l, 2) © C*+(l, 4). 
In order to determine v§ and vq, consider the following exact sequence: 

- £(0, 5) - Cj+(0, 2) -> £(0, 2) - 0. 
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Tensoring with C* + (l,5) gives the exact sequence: 

0^Ci+(l,4)®^+(l,5)©L(l,0)^^ + (l,5)®Ci + (0,2)^Ci+(l,l)©Cl+(l,2)© J L(l,3)^0, 

so we know, by considering the composition factors of C_^(l,4) and of C A + (1,5) © C* + (0, 2), 
that Ci+(1,4) embeds into C£+(l,2) © (7^+ (1,4). So we have an embedding t : C*i+(1,4) -> 
C*+(l, 2) © C*+(l, 4) and a projection tt : C*+(l, 2) © C£+(l, 4) -» C£ 6 + (l, 4). The composition tu 
is non-zero on the socle L(l,2), hence injective, so it must be an isomorphism. Therefore we have 
^6 = —A. A similar argument, using the fact that C^ + (l,2) is a quotient of C A + (1,5) © C^ + (0, 2), 
shows that v§ = A. 

Finally C^+(l, 5) © ^+(0, 2) = C^+(l, 2) © Ci+(1, 4) © projective. 

Third case: A = : This is similar to the second case, and we get C£ + (l, 5)®C^ + (0, 2) = 

C*i+(1, 1) © Cj[ + (1, 5) © projective. 

Other situations (such as d ^ n or tensor products of different types of band modules of minimal 
length) are treated similarly. Moreover, the case of the tensor product of a band module with a 
string module of even length can also be treated in this way, setting the parameter to zero for the 
string module. Finally, the general case (that is, when the lengths are not minimal) can be deduced 
by induction, using Auslander-Reiten sequences. 

5 Interpretation of simple and projective V(A n ^)-modules as 
Hopf bimodules over A n ^ 

In this section, we describe some Hopf bimodules over A„ )( j : given any finite-dimensional Hopf 
algebra H, there is an equivalence of categories between modules over the Drinfel'd double T>(H) 
and Hopf bimodules over H (see |K1I IMI |R| for instance) . Recall: 

Definition 5.1 Let H be a Hopf algebra. A Hopf bimodule over H is an H -bimodule M which 
is an H -bicomodule such that the comodule structure maps M — ► H © M and M — > M © H are H- 
bimodule homomorphisms (H © M and M ®H are endowed with diagonal H-bimodule structures). 
We use Sweedler's notation for the comultiplication of H, so A(h) = hP~> © h^ 2 \ 

The functor from X>(iJ)-modules to Hopf bimodules over H can be described as follows: let V 
be a module over T>(H). Consider the vector space M := H © V; as a right //-module, it is free (of 
rank dim V), that is, for any h,a £ H and v £ V, we have (h®v)-a = ha® v. As a left iJ-comodulc, 
it is free, that is, h © v i— > h^ 1 ' ® (h^ © v). The left module structure on M is diagonal, that is, 
a ■ (h © v) = o^h © a (2) w. 

Finally, to describe the right comodule structure, we need to fix a basis {bi} of H and {&*} its 
dual basis; then Sn(h © v) = £V © b* ■ v © bi ■ h^. Note that V is a left i?*-module and a left 
H- module (restricting the action of V(H) to H* cop and to H). 

If we take H = A n ,d, we have a basis given by {<Z~ im ^-71" I * G ^ m ^ d — 1}. We refer 
the reader to the notation and correspondence in Section 2 (pageOJ in order to see that the dual 
basis is {X m G l | i 6 Z„,0 ^ m ^ d- 1}. Hence, if V is a module over D(A nj( z), we have 

6 R (h»v)= V (/i (1) ®X m G l v)®q- im \ 1 ™h< 2 \ 

ml, 

i£2„ v 
< m ^ d - 1 

Therefore, if V is a module over P(A„ )C j), the corresponding Hopf bimodule over A rl £ ; is free as a 
right module and left comodule, so as such it is isomorphic to A^™ y , and we now need to describe 
the left module and right comodule structures on A^™ y using the definitions above. 
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5.1 Hopf bimodule corresponding to L(u,j) 

Let N be the dimension of L(u,j). Let us first describe the left A^-module structure of A n>c j 
L(u,j). 



Define tv 



> (7D = (p) 9 (m - p)fe 7™7- Then, 



using the definitions above, we can easily see that 



p=0 



Therefore, as a left A nc ;-module, A Uj( j <E> L(u,j) is isomorphic to t-(jv)(A„ <j)> that is, the left 
module whose action is described by 



where Tj(N) : A rhd -> Xjv(A„ !d ) is defined by Tj(JV) 



/r (0) r (1) 
T (o) 





JO) 



Note that 



\ 'j+N-l/ 

if dimL(u,j) = 1, this describes a twisted module T (A Ht d), where r is an automorphism of A nt d- 



We proceed in a similar way for the right coaction. Let Rj(N) be an element in MN(A n> d) 
Define a right coaction on A^ d as follows: 



A% d ■ (A n>d ® A n , d ) N (An,, ® A n , d )" = A^ ® A„, d . 



jy (l®H,(iV)). 



Setting Rj(N) 



( p (0) 

o {1) o {0) 

Pj+N-2 Pj+N-2 u 



(d+N-1) 



with p^, 0) = J2 ie z n 9 tfc ej and 



(o) / 
Pi J 



(ro) 



-fe + iV + j — 1 — m 
m 



-fc+j-i 

J] (1 - q p+m ) I J] g- lfc 7 r for m ^ 1 



9 \p— — fe+j— m 



finally gives: 

Proposition 5.2 27ie -ffop/ bimodule corresponding to the T>(A nj d) -module L(u,j) is 



1 ,[(A M ) dim ^)]^ (Ar) . 



Tj(iV)L 



Note that when dimL(u,j) = 1, we have T 1 (1) [(A„, d ) dimZ '("' i )]f ;/(1) ! that is, the usual Hopf 
bimodule A n ^d twisted on the left by the algebra automorphism Tj(l) and on the right by the 
coalgebra automorphism Rj(l)- (in this case Rj(l) = pf^ is a grouplike element). In particular, 
the trivial module L(0, 0) gives the usual Hopf bimodule A U: d- 



5.2 Hopf bimodule corresponding to P(u,j) 

We assume here that P(u,j) is not simple, that is, N — dim L(u,j) ^ d. We then have a basis for 
P(u,j) given by {Ag — yjD U j,B# = jj +N X£y N | ^ £ ^ d — 1}. It is easy to work out the actions 
of G and of paths on these basis elements, and using Lemma fS. 171 we can also describe the action 
of X . We then obtain: 



2G 



Proposition 5.3 The Hopf bimodule corresponding to the 2?(A„^) -module P(u,j) is 



11 i 



where Uj = ( rp ^ /j\ ) an d Vj — (^Jf^ J? J /or some matrices fL and II,- which can 

\ " 1 j+N{a)J V "j "•• / 

&e explicitly calculated, with IIj lower triangular. 

A Appendix: Proof of the classification of the indecompos- 
able D(A n d)-modules 

We wish to describe all the indecomposable modules over 2?(A nj d) up to isomorphism. We may 
restrict our study to a nonsemisimple block B of V(A n _d). To simplify notation, we set m := to 
be the number of simple modules over B, which we denote by S p := L(u, o~P(i)) with p £ Z m . Let 
e p be the corresponding idempotent, and P p the projective cover of S p . 

We first describe the Loewy structure of the indecomposable modules, then describe the inde- 
composable modules themselves. Finally, we give a different but more elegant proof of the fact that 
indecomposable modules of odd length are syzygies of simple modules (this proof is valid for any 
m, not necessarily even). 

A.l Loewy structure of indecomposable modules 

Lemma A.l Let B be a fixed block as above, with m simple modules where m ^ 2. Then for any 
indecomposable M-module M which is not simple or projective, the radical of M is equal to the socle 
ofM. 

Proof: All the indecomposable projective modules have Loewy length three, so an indecomposable 
non-projective module has Loewy length at most 2, and equal to 2 if it is not simple. 

Moreover soc(M) C rad(M) in general: indeed, if not, there would be an element x in the socle 
which is not in the radical. Choose x such that Mx is simple. Take a maximal submodule 971 of M 
which does not contain x; then Tl n M = so M = 971 © Bx is decomposable. 

Therefore, if the Loewy length of M is 2, then soc(M) and rad(M) must be equal. ■ 

We now describe the top and the radical of an indecomposable module. 

Lemma A. 2 Suppose M is indecomposable and not projective or simple. One of the following must 
hold: 

(i) M/rad(M) = © p e 2p M/rad(M) and rad(M) = © p e 2 p+irad(M); 
(ii) M/rad(M) = © p e 2 p + iM/rad(Af) and rad(Af) = © p e 2p rad(M). 

Proof: Choose a vector space complement C with M — rad(M) © C such that e p C C C for all p 
(this is possible since the algebra generated by the idempotents e p is semi-simple). Then if a is any 
arrow starting at p we have aC = ae p C C e p+1 rad(M) © e p _irad(M). But p ± 1 have the same 
parity and m is even, so if 

M' := [ffl p e 2 pC] © [© p e 2p+ irad(Af)], M" := [ffi p £ 2p+iC] © [ffi p e 2p rad(Af )] 

then these are B-submodules of M (use Lemma lA~T|l and M = M' M" . If M = M' then we have 
(El) and otherwise (ED. ■ 



Definition A. 3 We say that the top of M is even if Lemma \A . SUHj i) holds, and that the top of M 
is odd if Lemma \A . holds. 
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A. 2 Description of the indecomposable modules over a block B 
A. 2.1 Applying Fitting's Lemma 

Let M be an indecomposable module. We can assume, without loss of generality, that the top of 
M is even. Set M p = e p M : this is e p M/r&d(M) if p is even, and e p rad(M) otherwise. 
Then M is completely described by the linear maps given by left multiplication, 

b 2r ■ M 2r -» M 2r +i, hr-i ■ M 2r -> M 2r _i 

(the other arrows act as zero). We would like to have maps which we can compose, so we define 
f3 p := t (b p ) : M* — * M* +1 , for p odd. For any fixed basis of M p and M p+ i, with respect to the dual 
bases, the matrix of the map j3 p is the transpose of the matrix of b p . Let b and (3 also denote the 
matrices of the maps b and (3. 

Consider the map a p : M p — > M p , which is equal to fip-\bp- 2 ■ ■ ■ b p + 2 (3p+ib p if p is even, and to 
b p -i/3 p - 2 . . . /3 p + 2 b p +if3 p if p is odd, that is, the composition of all b's and /3's, one each in the only 
possible order. 

By Fitting's Lemma, there is some large N > such that U p := Ker(o^) = Ker(a£ +e ) and 
V p := Im(a p ) = Im(ap +t ) for all £ > 0, where U p and V p are a p -invariant and M p = U P ®V P . 
Moreover a p \u is nilpotent and a p \v is an isomorphism. 

Set U @pU p and := (B p V p . Then M = U © and moreover, both U and 1/ are invariant 
under the actions of b 2r and f3 2r +i- Let us check this for b 2r : note that a 2r +\b 2r = b 2r a 2r . So if x 
is in U 2r , then a^+i^rt^) = ^r^lr-O^) = ®> so &2r(s0 is in U 2r +i. If a; is in V 2ri then we can write 
x = a.2 r {z) and hence b 2r (x) — a 2r+ i{z) € Vgr+i- 

The decomposition M = U F above is a decomposition of B-modules: for each M p take a 
basis for U p and a basis for V p such that the union is a basis for M p . Then, for each t odd, the 
matrix of j3t is a block-diagonal matrix. Now return to bt (instead of /3t): we take the transpose of 
this matrix, which has the same block form. Therefore M = U © V as a B-module. 

A. 2. 2 Canonical forms 

We now assume that M is an indecomposable module. Therefore, M is equal to U or V. 



First case: M = U. Consider the algebra A generated by the f3 2p -i and the b 2p . This is a 
Nakayama algebra, whose quiver is cyclic, and all the paths of length at least S where 6 — m ■ 
maxjnilpotence degree of the a p } are zero, with 5 dimAf. 

We know that modules over A are uniserial. Therefore there is a generator v of M over A such 
that v = e p v, and a basis for M is given by {v, b p v, /3 p +i6 p u, . . .} (the index p is even here, since we 
are in the even top case). 

Returning to b's and b's, we can write the matrices for the actions of these arrows, and we see 
that M is a string module. If it has odd length then we recover a syzygy of a simple module, and 
otherwise we have a string module of type M% (u, i). Note that if we had started with a module 
with odd top, we would have obtained either a syzygy of a simple module (if the length were odd), 
or a string module of type M^w, i) (if the length were even). See Section I5"D for the notations. 

Second case: M = V. We have Ker(a^) = for all p and M = (B p Im(a™), so we deduce that 
the maps b 2r and the maps {3 2r -i (and hence &2r-i) are invertible. Let I be the dimension of the 
Mp (they all have the same dimension). We can choose bases for the M p such that all the maps 
b 2r and b 2r -i are represented by the identity matrix, except for one of them, say bo. Note that the 
bases for the M p are determined by a choice of basis for M\ say, and any change of basis for Mi 
leads to the same change of basis for all the other M p . Since M is indecomposable, the map bo must 
be an indecomposable linear map, so we can choose a basis for Mi such that the matrix of bo is of 

(o I T ) 

the form Je(X) = for some nonzero A in k, and such that all the other matrices 

remain identity matrices. 
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We call this module C A + (u,i). The same construction starting with a module whose top is odd 
will give us C^~(u,i). Note that they have even length, equal to mi. 

A. 2. 3 Auslander-Reiten components 

We refer the reader to |ARSI V.l and VII. 1] and [E| 1.7 and 1.8] for information about Auslander- 
Reiten sequences and quivers. 

(I) Indecomposable modules of odd length: For each simple module S p we have the 
standard Auslander-Reiten sequence 

-> ft(Sp) -> rad(Fp)/soc(P p ) © P p -> fi -1 ^) -> 

These are the only Auslander-Reiten sequences where projectives occur. For a symmetric 
algebra (which is the case here, see the Introduction), the Auslander-Reiten translation is 
the same as f2 2 , so it follows from Section rA.2.21 that any indecomposable module of odd 
length, say M — £l k {S p ) with k ^ —1, has Auslander-Reiten sequence 

o -> n k+2 (s p ) -» o fe+1 (5 p _i) © n k+1 (s p+1 ) — > m — >■ o, 

obtained by applying Q k+1 to the sequence above. 

This describes all the Auslander-Reiten sequences, and therefore the Auslander-Reiten com- 
ponent in which M occurs. 

(II) String modules of even length: By explicit calculation, we can easily see that n(Mj(u, i)) — 
M^giu, f So M^ e (u, i) has ^-period equal to m, hence it lies in a tube of rank ?r = §• 

We now determine the Auslander-Reiten sequences. Let us start with the Auslander-Reiten 
sequence for M^~(w, i) : it is of the form — > M^iu, i — d) — ► M — > M^iu, i) — > since the 
Auslander-Reiten translate is given by f2 2 . The module M must have length four, and cannot 
be a direct sum of modules of length two (otherwise the exact sequence would split). The 
composition factors of M are L(u,a~ 2 (i)), L(u, c~ 1 (i)), L(u,i) and L(u 7 a u (i)). Moreover, 
L(u, c~ 2 (i)) is in the socle of (it, i — d) so it must be in the socle of M, and L(u, i) is in 
the top of M^"(m, i) so it must be in the top of M. It then follows from the classification of 
the modules in Section TA . 2 . 21 that M must be M^(u, i — d). 

Let us now determine the Auslander-Reiten sequence for M^(u,i). We know that the left 
hand term of the sequence must be fl 2 (M^ (u, i)), and we know exactly which modules of 
length two occur, from the Auslander-Reiten sequences for modules of length two. There- 
fore we have — > M^(u,i — d) — > M% (tt, i) © A" — ► M^(u,i) — > 0, with A" indecompos- 
able of length six. The composition factors of A" are L(u, cr~ 1 (i)), L(tt, er„(i)), L(tt, <x^(i)), 
i(w, a~ 2 (i)) L(u,i) L(u, c 2 (i)). The first one must be in the socle, and hence so must the 
next two. The last one must be in the top, and therefore so are the two remaining simple 
modules. Therefore N = Mq(u, i). 

The general sequences in Section lH.2t|II|> are obtained in this way by induction. Therefore, 
the M^(u, <jP(i)) for all even p and all I form precisely one tube, where the modules of 
length 21 form the I th row. The M^ e (u, <J^{i)) f° r au °dd p and all i form precisely one tube, 
where the modules of length 2£ form the I th row. 

Similarly, there are two tubes, each of rank 4, containing all the modules M^(u, c^(i)). 

(Ill) Band modules: We can see that n(C e x + (u,i)) = Cf^(M) and ft (C*~ («,»)) = 
Hence C A + (w, i) has period two and lies in a tube of rank one. 

We indicate briefly how to determine the Auslander-Reiten sequences given in Section 
I3.2I|III|) : the Auslander-Reiten sequence for C x + (u, i) is of the form — ^ C x + (u,i) — > 
M A C x + (u,i) —> (recall that the Auslander-Reiten translate is given by fi 2 and that 
these modules are periodic of period two). The module AI must be indecomposable of 
length ^p, its top must be @ p L(u, cr 2p (u, i)) 2 and its socle is @ p L(u, cr 2p+1 (w, i)) 2 (as vec- 
tor spaces), so A" is of the form C 2+ (u, i). We need to determine //. Let {vi, Va} be a basis for 
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L(u, i) 2 such that the action of b is given by the matrix 




. The vector v\ generates 



a submodule so must come from the left hand term in the sequence. Hence ir(vi) = 0, and 
7r(w2) 7^ is a basis for L(u, i) in C 2,+ (u, i). We then have 7r(6oV2) = 7r(vi + = ^(1)2), 
and 7r(&o^2) = b^ir^) — A7r(v 2 ) since the action of 60 on L(u,i) is given by multiplication 
by A. Hence \i — A. An induction gives the expected sequences, and therefore, for each A, 
the modules C^ + (u,i) form one tube, with C^ + (u, i) in row I. Similarly, the C^~(u, i) when 
i varies form one tube, with (u, i) in row I. 

A. 3 Indecomposable modules of odd length: another proof 

We work over a block B with m simple modules, where m is any integer at least equal to 2. 

Lemma A. 4 Suppose M is indecomposable in B of odd length. Then some syzygy VL k (M) for some 
k £ Z is simple. 

Proof: Since M has odd length, soc(M) and M/soc(M)(= top(M)) have different length, say 
soc(M) has larger length. Consider a projective cover 

-> fi(M) P M -> 0. 

We know from the structure of projective modules that top(P) = soc(P), so top(M) = soc(f2(M)). 

If top(M) has length t, then P has length At (since top(P) = top(M)). It follows that soc(fi(M)) 
has length t and top(f2(M)) has length t + x if O(M) is not simple. 

Therefore the length of the module Q.(M) is strictly smaller than that of M, and top(f2(M)) has 
more composition factors than soc(0(M)). If Q.(M) is simple then the proof is finished. Otherwise 
we can repeat the argument, and since the lengths are positive integers, the process stops after a 
finite number of steps, that is, some tt k (M) is simple. 

If the length of soc(M) is smaller than the length of top(M), a similar argument using injective 
envelopes gives the result. ■ 



Remark A. 5 It follows from the proof above that |length(top(M)) — length(soc(M))| = 1 for any 
indecomposable module M of odd length. 
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